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Abstract 
In the calculation of the Elastohydrodynamic Lubrication, 
EHL, of a journal bearing, a compliance matrix which 
expresses the relation between deformation and oil film 
pressure on a bearing surface is necessary. However, the 
derivation and preparation of the compliance matrix is a 
difficult task. In this study, a method of deriving the 
compliance matrix using the structural analysis in a Three 
Dimensional Computer Aided Design software, 3D-CAD, 
is described and performed using CATIA V5. The EHL 
analysis of the con-rod bearing using the compliance 
matrix is performed under the dynamic load of an engine 
and the deformations and oil film pressure distributions on 
a bearing surface are obtained over the engine cycle. The 
stress distributions in the con-rod are studied using the 
structural analysis in the 3D-CAD. In this case, the 
pressure distributions on the bearing surface are used to 
calculate the boundary condition, namely the nodal force 
distributions on the bearing surface. Finally, the change of 
the maximum stress in the con-rod under the engine 
operation is shown for the design of the con-rod. 
Keywords: elastohydrodynamic lubrication, journal 
bearing, computer aided design, structural analysis, 
compliance matrix, stress analysis, con-rod 
 

1 Introduction 
Deformation of bearings used under high loading 

conditions like engines could not be neglected. Therefore 
the Elastohydrodynamic Lubrication, EHL, analysis of a 
journal bearing is necessary and the study of EHL has 
been started [1]． In the calculation of the EHL, a 
compliance matrix which expresses the relation between 
deformation and oil film pressure on a bearing surface is 
derived from a structural analysis and improves 
calculation efficiency [2]-[6]. However, the derivation and 
preparation of the compliance matrix take a lot of task. 
This is an obstacle to apply the EHL to design of a 
machine with dimensional changes.  

In these days, the design of a machine is performed 
using a Computer Aided Design, CAD, and a recent CAD 
includes the function of a structural analysis. Therefore in 
this study, a method of deriving the compliance matrix 
using the structural analysis in a Three Dimensional 

Computer Aided Design software, 3D-CAD, is described 
and performed using CATIA V5.  

The EHL analysis of the con-rod bearing using the 
compliance matrix is performed under the dynamic load of 
an engine and the deformations and oil film pressure 
distributions on a bearing surface are obtained over an 
engine cycle. The stress distributions in the con-rod are 
studied using the structural analysis in the 3D-CAD. In 
this case, the pressure distributions on the bearing surface 
are used to calculate the boundary condition, namely the 
nodal force distributions on the bearing surface. Finally, 
the change of the maximum stress in the con-rod under the 
engine operation is shown for the design of the con-rod. 

 
2 EHL of journal bearings 

In a lubrication analysis, Reynolds equation is used 
[2]-[5], [7]. 
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where h is clearance [m], p is pressure [Pa], R is radius 
[m], t is time [s], U is velocity on a journal surface [m/s], 
θ is bearing angle [rad], and μ is viscosity [Pa s]. Share 
stress τ [Pa] is 

       hyat
y
u



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                      (2)

where u [m/s] is velocity of oil at y [m] in oil film thickness.  
 

 
Fig. 1 Journal bearing and EHL 
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mesh points of lubrication, namely    E2T . 
When  av  is averaged mean vector of deformation 

and  avT  is the transfer matrix of averaged mean of 
deformation on bearing surface in x and y directions, 
relative deformation of a bearing is   

          
         pΔATTDTE

TE

21av

xyLavavxyL



 
 . (12)

When  rT  is the transfer matrix of deformation on 
bearing surface from x and y directions to radial direction, 
the compliance is expressed with 

            ΔATTDTETC 21avr  .  (13) 

When  rδ  is deformation in radial direction, the 

deviation vector from a bearing circle is 

          LpCLL 00  rδ  .        (14) 

This is Eq. (5). Figure 3 shows the flow chart of making 
the compliance using the 3D-CAD. 

In the practice, the structure is con-rod. Inside of the 
small end is fixed and the deformations of the surface of 
big end bearing are calculated in the 3D-CAD when 1 [N] 
is applied every node on the bearing surface each in x or y 
direction. Figure 4 shows the dimension of the con-rod. 
Figure 5 (a) shows the structure model of the 3D-CAD. 
Figure 5 (b) shows the auto mesh model for the structural 
analysis in which element size is about 1 [mm]. 
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Fig. 3 Flow of making a deformation-pressure matrix, 
compliance matrix, using structural analysis in 
Three Dimensional Computer Aided Design 
Software 

 
The structure analysis was done with the mesh on the 

bearing surface which is 72 in circumferential direction 
and 11 in axial direction. The number of times of the 
structure analysis is the number of the mesh points in the 
lubrication analysis times 2 in directions. In this case, it is
1584 Con-rod is symmetrical shape in left and right and 
in front and behind about the rod axis. The product of 37 

in circumference, 6 in width and 2 in directions is the 
number of times of the structure analysis which is reduced 
to be 444.  
 

4 Results 
The EHL analysis of the con-rod bearing using the 

compliance matrix is performed under the dynamic load of 
an engine and the deformations and oil film pressure 
distributions on a bearing surface are obtained over the 
engine cycle. In the calculations, suction top dead center is 
defined as crank angle of 0 degrees after top dead center, 0 
[°ATDC]. The stress distributions in the con-rod are 
studied using the structural analysis in the 3D-CAD, 
CATIA V5, using the nodal forces on the bearing surface 
as the boundary condition. The nodal force distributions 
on the bearing surface are derived from the pressure 
distributions obtained from the EHL analysis.   

Figures 6 to 9 show the results of engine speeds 
1000 [rpm] to 4000 [rpm] at 390 [°ATDC] when the 
maximum stress appears by means of the explosion in the 
cylinder. In these figures, the deformation on the bearing 
surface is shown in (a), oil film pressure is shown in (b) 
and stress distributions in the con-rod is shown in (c). The 
loads on the con-rod bearing are shown in Table 1. 
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Fig. 4 Dimensions of con-rod [mm] 

 (a)  3D-CAD data     (b) FEM structural model 
Fig. 5 Mesh on bearing surface 

 
Table 1 Load on con-rod bearing at 390 [°ATDC] 

 Load 
Engine speed [rpm] Wx    [kN] Wy   [kN] 

1000 -0.05791 15.94 
2000 -0.2329 14.88 
3000 -0.5245 13.1 
4000 -0.9329 10.62 

Figure 1 shows a journal bearing with explanation of the 
EHL. Wx and Wy are loads on big end bearing in x and y 
directions, respectively [N]. 

In the case of a con-rod, moment of force on a small 
end by means of pressure, share stress and Wx in big end 
bearing is zero. Therefore they do not any influence on 
load in the cylinder direction of an engine. The force 
balances on a big end bearing are 
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where b is bearing width [m], l is length between centers 
of the big and small ends [m],α is the angle between 
cylinder and con-rod axes. 

Oil film thickness between a journal and a bearing is 
described as 

 
LEE

EErRh

yx

yx









sincos

cossin 22 (4)

where r is radius of the journal [m] , Ex and Ey are 
eccentricities of a journal center in x and y directions [m] 
and L is deviation from a clearance circle [m]. L can be 
treated as static deformation and is described with a matrix 
and vectors. 

      LpCL 0 (5)

where  L  is the deviation vector from a bearing circle, 
 C  is compliance matrix which expresses the relation 
between elastic deformation on a bearing surface and oil 
film pressure distribution vector  p  and  L0  is the 
shape of bearing expressed by deviation from the 
clearance circle. The [C] is derived from structural 
analysis.  

Equations (1) and (3) are numerically solved for the 
region of p>0 with the oil film thickness calculated from 
Eqs. (4) and (5). Pressure in the cavitation is assumed to 
be zero, p = 0. Figure 2 shows calculation flow of the 
EHL. In the EHL analysis, the oil film thickness changes 
with elastic deformation. Therefore calculation must be 
continued till convergence in elastic deformation and the 
EHL results are obtained. 
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Fig. 2 Calculation flow of EHL using compliance 
matrix 

 
3 Compliance matrix 

In many cases, a structure is analyzed with FEM. The 
relation between forces and deformations in the structure 

is described by liner relation using vectors and matrixes. 
 F  is a force vector on all nodes,    is a deformation 
vector in all nodes in a structure and  K  is a stiffness 
matrix. The relation between the forces and deformations 
of all nodes in the structure is 

     KF   . (6) 

When  D  is defined as    DK 1 , 

    FD  .  (7) 

To make a compliance matrix, a unit force is applied 
on bearing surface [2], [3].  D  is the matrix which 
express the relation between deformation of structure and 
force on load points of a bearing surface in x and y 
coordinates and  bF  is the force vector of node on a 
bearing surface in x and y directions. Deformation is 
expressed with 

      b
' FDδ  .                  (8) 

When a unit force is loaded in x direction at a node 
on a bearing surface, deformation is a column of the  'D  
corresponds to the unit load. When a unit force is loaded 
in y direction at a node on the bearing surface, 
deformation is a column of the  'D  corresponds to the 
unit load.  

The nodal points are determined by auto-mesh and 
change with every calculation, so that they are different 
from the calculation mesh of the lubrication analysis. 
Therefore the deformation must accord to the calculation 
mesh of the lubrication by means of interpolations.  

 xyLδ  is the deformation vector on a bearing surface 
in x and y directions according to the calculation mesh of 
lubrication derived with the interpolations of the  bδ  
which is the deformation vector on a bearing surface 
selected from the deformation vector  δ ,  D   is the 
matrix which expresses the relation between deformation 
on the mesh points of lubrication and force on load points 
of bearing surface in x and y coordinates. Deformation of 
lubrication mesh in x and y directions is expressed with 

              FDδxyL   . (9) 

When  ΔA  is the matrix which express the area of lord 
points on bearing surface,  1T  is the matrix which 
transfer radial force to the forces in x and y directions, 
 2T  is the transfer matrix which expresses the relation 
between lord points and lubrication mesh on bearing 
surface,  rF is a radial force vector on bearing surface 
and  E  is unit matrix, the following equations are 
obtained. 

     pΔATF 2r  (10) 

        
     pΔATTD

FTDFDδ

21

r1bxyL




(11)

In the above equations, load points should be taken as 
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mesh points of lubrication, namely    E2T . 
When  av  is averaged mean vector of deformation 

and  avT  is the transfer matrix of averaged mean of 
deformation on bearing surface in x and y directions, 
relative deformation of a bearing is   

          
         pΔATTDTE

TE

21av

xyLavavxyL
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 
 . (12)

When  rT  is the transfer matrix of deformation on 
bearing surface from x and y directions to radial direction, 
the compliance is expressed with 

            ΔATTDTETC 21avr  .  (13) 

When  rδ  is deformation in radial direction, the 

deviation vector from a bearing circle is 

          LpCLL 00  rδ  .        (14) 

This is Eq. (5). Figure 3 shows the flow chart of making 
the compliance using the 3D-CAD. 

In the practice, the structure is con-rod. Inside of the 
small end is fixed and the deformations of the surface of 
big end bearing are calculated in the 3D-CAD when 1 [N] 
is applied every node on the bearing surface each in x or y 
direction. Figure 4 shows the dimension of the con-rod. 
Figure 5 (a) shows the structure model of the 3D-CAD. 
Figure 5 (b) shows the auto mesh model for the structural 
analysis in which element size is about 1 [mm]. 
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Fig. 3 Flow of making a deformation-pressure matrix, 
compliance matrix, using structural analysis in 
Three Dimensional Computer Aided Design 
Software 

 
The structure analysis was done with the mesh on the 

bearing surface which is 72 in circumferential direction 
and 11 in axial direction. The number of times of the 
structure analysis is the number of the mesh points in the 
lubrication analysis times 2 in directions. In this case, it is
1584 Con-rod is symmetrical shape in left and right and 
in front and behind about the rod axis. The product of 37 

in circumference, 6 in width and 2 in directions is the 
number of times of the structure analysis which is reduced 
to be 444.  
 

4 Results 
The EHL analysis of the con-rod bearing using the 

compliance matrix is performed under the dynamic load of 
an engine and the deformations and oil film pressure 
distributions on a bearing surface are obtained over the 
engine cycle. In the calculations, suction top dead center is 
defined as crank angle of 0 degrees after top dead center, 0 
[°ATDC]. The stress distributions in the con-rod are 
studied using the structural analysis in the 3D-CAD, 
CATIA V5, using the nodal forces on the bearing surface 
as the boundary condition. The nodal force distributions 
on the bearing surface are derived from the pressure 
distributions obtained from the EHL analysis.   

Figures 6 to 9 show the results of engine speeds 
1000 [rpm] to 4000 [rpm] at 390 [°ATDC] when the 
maximum stress appears by means of the explosion in the 
cylinder. In these figures, the deformation on the bearing 
surface is shown in (a), oil film pressure is shown in (b) 
and stress distributions in the con-rod is shown in (c). The 
loads on the con-rod bearing are shown in Table 1. 
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Fig. 4 Dimensions of con-rod [mm] 

 (a)  3D-CAD data     (b) FEM structural model 
Fig. 5 Mesh on bearing surface 

 
Table 1 Load on con-rod bearing at 390 [°ATDC] 

 Load 
Engine speed [rpm] Wx    [kN] Wy   [kN] 

1000 -0.05791 15.94 
2000 -0.2329 14.88 
3000 -0.5245 13.1 
4000 -0.9329 10.62 

Figure 1 shows a journal bearing with explanation of the 
EHL. Wx and Wy are loads on big end bearing in x and y 
directions, respectively [N]. 

In the case of a con-rod, moment of force on a small 
end by means of pressure, share stress and Wx in big end 
bearing is zero. Therefore they do not any influence on 
load in the cylinder direction of an engine. The force 
balances on a big end bearing are 
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where b is bearing width [m], l is length between centers 
of the big and small ends [m],α is the angle between 
cylinder and con-rod axes. 

Oil film thickness between a journal and a bearing is 
described as 

 
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EErRh

yx
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where r is radius of the journal [m] , Ex and Ey are 
eccentricities of a journal center in x and y directions [m] 
and L is deviation from a clearance circle [m]. L can be 
treated as static deformation and is described with a matrix 
and vectors. 

      LpCL 0 (5)

where  L  is the deviation vector from a bearing circle, 
 C  is compliance matrix which expresses the relation 
between elastic deformation on a bearing surface and oil 
film pressure distribution vector  p  and  L0  is the 
shape of bearing expressed by deviation from the 
clearance circle. The [C] is derived from structural 
analysis.  

Equations (1) and (3) are numerically solved for the 
region of p>0 with the oil film thickness calculated from 
Eqs. (4) and (5). Pressure in the cavitation is assumed to 
be zero, p = 0. Figure 2 shows calculation flow of the 
EHL. In the EHL analysis, the oil film thickness changes 
with elastic deformation. Therefore calculation must be 
continued till convergence in elastic deformation and the 
EHL results are obtained. 

 
 

Convergence 
EHL results 

Hydrodynamic 
lubrication 












































pressure
film Oil

matrix
Compliance

surface bearing a
  onnDeformatio

 

Fig. 2 Calculation flow of EHL using compliance 
matrix 

 
3 Compliance matrix 

In many cases, a structure is analyzed with FEM. The 
relation between forces and deformations in the structure 

is described by liner relation using vectors and matrixes. 
 F  is a force vector on all nodes,    is a deformation 
vector in all nodes in a structure and  K  is a stiffness 
matrix. The relation between the forces and deformations 
of all nodes in the structure is 

     KF   . (6) 

When  D  is defined as    DK 1 , 

    FD  .  (7) 

To make a compliance matrix, a unit force is applied 
on bearing surface [2], [3].  D  is the matrix which 
express the relation between deformation of structure and 
force on load points of a bearing surface in x and y 
coordinates and  bF  is the force vector of node on a 
bearing surface in x and y directions. Deformation is 
expressed with 

      b
' FDδ  .                  (8) 

When a unit force is loaded in x direction at a node 
on a bearing surface, deformation is a column of the  'D  
corresponds to the unit load. When a unit force is loaded 
in y direction at a node on the bearing surface, 
deformation is a column of the  'D  corresponds to the 
unit load.  

The nodal points are determined by auto-mesh and 
change with every calculation, so that they are different 
from the calculation mesh of the lubrication analysis. 
Therefore the deformation must accord to the calculation 
mesh of the lubrication by means of interpolations.  

 xyLδ  is the deformation vector on a bearing surface 
in x and y directions according to the calculation mesh of 
lubrication derived with the interpolations of the  bδ  
which is the deformation vector on a bearing surface 
selected from the deformation vector  δ ,  D   is the 
matrix which expresses the relation between deformation 
on the mesh points of lubrication and force on load points 
of bearing surface in x and y coordinates. Deformation of 
lubrication mesh in x and y directions is expressed with 

              FDδxyL   . (9) 

When  ΔA  is the matrix which express the area of lord 
points on bearing surface,  1T  is the matrix which 
transfer radial force to the forces in x and y directions, 
 2T  is the transfer matrix which expresses the relation 
between lord points and lubrication mesh on bearing 
surface,  rF is a radial force vector on bearing surface 
and  E  is unit matrix, the following equations are 
obtained. 

     pΔATF 2r  (10) 

        
     pΔATTD

FTDFDδ

21

r1bxyL




(11)

In the above equations, load points should be taken as 
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Fig. 8 EHL analysis and structural analysis at 390°ATDC under engine speed of 3000rpm 

  
Fig. 9 EHL analysis and structural analysis at 390°ATDC under engine speed of 4000rpm
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Fig. 6 EHL analysis and structural analysis at 390°ATDC under engine speed of 1000rpm 

Fig. 7 EHL analysis and structural analysis at 390°ATDC under engine speed of 2000rpm
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Fig. 7 EHL analysis and structural analysis at 390°ATDC under engine speed of 2000rpm
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Abstract 

This paper describes the effects of various parameters on 
the temperature of the LED device to optimize the heat 
sink structure of LED light bulb, and a design guideline 
is shown. Although the original efficiency and life of the 
LED device is excellent, the performance cannot be 
obtained due to the local temperature rise of LED 
element and the surrounding polymer molding material.  
Therefore, heat transfer analysis considering the heat 
convection and radiation was carried out systematically 
using finite element method by changing parameters of 
the heat sink shape. The result has shown that open type 
structure has advantage, and the proper design guideline 
for the structure of shape was obtained. Furthermore, an 
experimental model was prototyped, then the 
temperature distribution was measured, consequently it 
has been verified that the analysis results were well 
consistent with the empirical data.   
Keywords: light emitting diode bulb, heat sink, heat 
transfer, finite element method, temperature distribution 
 

1 Introduction 
In recent years, LEDs have been used for traffic 

signals, lighting in road tunnel and lamp for home due to 
their long life and high efficiency, further the applications 
to the head lamp and tail lamp of automobile has been 
started as well [1]-[2]. However, the LEDs are point heat 
sources, thus the potential efficiency cannot be obtained, 
because the local temperature of the polymer molding 
materials [3], peripheral devices and LED element itself 
increases when LEDs are assembled to LED bulb, 
namely the heat transfer design issues have been 
preserved. For example, it is known that the luminous 
efficiency may decrease 5-8% when the temperature rises 
10˚C, life is halved for every 10˚C rise in temperature, 
furthermore, the specific issues of LED have been 
reported, such as thermal degradation of the material of 
the feeding unit and the mounting part of LED element, 
and the increase of failure rate due to insulation failure 
and fatigue failure resulting from thermal stress [2], [4], 
[5].  

A group of the authors has reported on the thermal 
design of the LED lamp using simulation [6]. However, 
only convection heat transfer was considered due to the 

use of simplified geometrical models in the analysis. 
Further the verification of the theoretical analysis has not 
been conducted. Therefore, in the present study, both 
convection and radiation were considered in the heat 
transfer analysis of LED heat sink using finer geometrical 
models, then the result was verified by measuring the 
temperature distribution of a practical proto-typed model.    
 

2Analysis methods and conditions 
2.1 Analysis method 
  Three dimensional unsteady-state heat transfer 
analysis using the finite element method [7] was carried 
out considering heat convection and radiation and 
temperature distribution was obtained. Basic model of 
the LED heat sink is shown in Fig. 1. As shown in Table 
1, three levels of condition were set in each of the eight 
parameters; the presence or absence of the outer cylinder, 
the number of heat radiation fins, the height of the heat 
radiation fin, the thickness of the fin, the thickness of the 
upper plate, the material, the internal temperature of the 
outer cylinder, and the number of LED tips, then the 
parameters were allocated in the L18 orthogonal table 
using Design of Experiments (DOE) as shown in Table 
2. The influence of each parameter was quantified by 
creating a regression equation. 
2.2 Analysis conditions 
  The heat generation of the LED bulb was fixed to 6 W 
as a whole, that is 2 W per element when the number of 
LED elements are three, and 1 W per element for six LED 
elements, the influence of the number of LED elements 
on the maximum temperature was investigated, 
Assuming a resin molding, the shape of the LED element 
has a disk shape with a height of 2mm and a diameter of 
4mm. The diameter of the mounting substrate of LED 
element was fixed at 60mm. In addition, the ambient 
temperature was set at 20˚C, and the heat transfer 
coefficient was applied to 5 W/m2K to be used in calm 
condition of a typical convection, and relative emissivity 
was 0.4. Further, assuming the heat build-up in the outer 
cylinder, the temperature in the outer cylinder was varied 
in the range from 20 to 45˚C. As the material of the 
radiation fin, aluminum alloy, which can be easily formed 
by die-casting or stamping, and has reasonable cost, was 
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Fig. 10 Bearing load and maximum stress in con-rod 

under engine speed of 2000 rpm 

Figure 6 is the result at 1000 [rpm]. As shown in 
(a), the load in the direction of con-rod axis, Wy, is high 
and maximum deformation is about 6 [μm]. As shown in 
(b), the pressure is high in the direction of load and the 
peak pressures appear at both ends in the bearing width. 
This is a peculiar case in the EHL like as reported in the 
past work [7]. The oil film thickness in the both ends is 
quite low. As shown in (c), the stress distribution in the 
con-rod is quite high all over the rod. Figure 7 is the 
result at 2000 [rpm]. As shown in (b), the peak pressure 
appears at middle in the bearing width. As shown in (c), 
the stress distribution in the con-rod is like as that at 
1000 [rpm] but slightly lower. Figure 8 is the result at 
3000 [rpm]. As shown in (b), the peak pressure appears 
at middle in the bearing width. As shown in (c), the stress 
is slightly high in the left side of the rod by means of 
bending. Figure 9 is the result at 4000 [rpm]. As shown 
in (c), the bending of the rod is large and the stress is 
quite high in the left side of rod. The relation between 
the EHL analysis and the stress analysis is clarified and 
importance of the relation could be understood. Finally, 
the change of the maximum stress in the con-rod under 
the engine cycle at the 2000 [rpm] is shown in Fig. 10 
for the design of the con-rod. The engine is frequently 
operated near this speed in a usage. In this speed, the 
maximum stress in the con-rod is highest near 390 [°
ATDC] because of the combustion in the cylinder. The 
highest maximum stress is lower enough in comparison 
with the property of steel materials. 

 
5 Conclusions 

The compliance matrix, which expresses the 
relation between elastic deformation on bearing surface 

and oil film pressure, is useful in the EHL analysis. The 
method of deriving the compliance matrix using the 
structural analysis in the 3D-CAD is described and is 
performed using CATIA V5. The EHL analysis of the 
con-rod bearing using the compliance matrix is 
performed under the dynamic load of the engine. The 
deformations and oil film pressure distributions on a 
bearing surface are obtained over the engine cycle.  

The stress distributions in the con-rod are studied 
using the structural analysis in the 3D-CAD. In this case, 
the pressure distributions on the bearing surface are used 
to calculate the boundary condition, namely the nodal 
force distributions on the bearing surface. Finally, the 
change of the maximum stress in the con-rod under the 
engine operation is shown for the design information. 

This method is confirmed to be useful. This is 
because the stress analysis can be done with the practical 
boundary conditions. 
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